We study graphs in which the maximum and the minimum sizes of a maximal independent set differ by exactly one. We call these graphs almost well-covered, in analogy with the class of well-covered graphs, in which all maximal independent sets have the same size. A characterization of graphs of girth at least 8 having exactly two different sizes of maximal independent sets due to Finbow, Hartnell, and Whitehead implies a polynomial-time recognition algorithm for the class of almost well-covered graphs of girth at least 8. We focus on the structure of almost well-covered graphs of girth at least 6. We give a complete structural characterization of a subclass of the class of almost well-covered graphs of girth at least 6, a polynomially testable characterization of another one, and a polynomial-time recognition algorithm of almost wellcovered {C 3 , C 4 , C 5 , C 7 }-free graphs.
Introduction
An independent set in a graph is a set of pairwise non-adjacent vertices. For a graph G we denote by α(G) the maximum size of an independent set in G and by i(G) the minimum size of a maximal independent set in G. We call the independence gap of G the difference α(G) − i(G), which we denote by µ α (G). An analogous parameter for maximal matchings was introduced and studied by Deniz et al. in [4] under the name matching gap of a graph and denoted by µ(G). Since matchings in a graph G are exactly the independent sets in its line graph, the study of the independence gap can be seen as a generalization of the study of the matching gap.
A graph is said to be:
• well-covered if all its maximal independent sets have the same size (equivalently, if µ α (G) = 0),
• almost well-covered if µ α (G) = 1.
Well-covered graphs are well studied in the literature, see, e.g., the survey papers [7, 9] . As shown independently by Chvátal and Slater [3] and Sankaranarayana and Stewart [10] , the problem of determining whether a given graph is well-covered is co-NP-complete. It is not difficult to see that a graph G is well-covered if and only if the disjoint union of G with the three-vertex path is almost well-covered. Therefore, the problem of determining whether a given graph is almost well-covered is co-NP-complete.
The class of almost well-covered graphs was denoted by I 2 in the paper by Barbosa and Hartnell [2] , who characterized almost well-covered simplicial graphs and gave a sufficient condition for a chordal graph to be almost well-covered. Clearly, every almost well-covered graph has the property that its maximal independent sets are of exactly two different sizes. Finbow, Hartnell, and Whitehead [6] denoted by M k the class of graphs that have maximal independent sets of exactly k different sizes. These graphs were studied further by Hartnell and Rall [8] and by Barbosa et al. [1] . Since every almost well-covered graph is in M 2 , results on graphs in class M 2 might have implications for the almost well-covered graphs. For example, a result due to Barbosa et al. [1, Theorem 2] implies that for every d, there are only finitely many connected almost well-covered graphs of minimum degree at least 2, maximum degree at most d, and girth at least 7.
The main result of the paper by Finbow, Hartnell, and Whitehead [6] is a characterization of graphs of girth at least 8 having exactly two different sizes of maximal independent sets. This characterization can be used to obtain a characterization of almost well-covered graphs of girth at least 8, which in turn implies that this class of graphs can be recognized in polynomial time.
In this paper, we study almost well-covered graphs of girth at least 6. We obtain three main results, which can be summarized as follows.
A vertex is said to be of type 2 if it is adjacent to exactly 2 leaves. We first observe that every almost well-covered graph of girth at least 6 has at most two vertices of type 2. As our first main result, we give a complete structural characterization of almost well-covered graphs of girth at least 6 having exactly two vertices of type 2 (Theorem 3.3). Next, we characterize almost well-covered graphs of girth at least 6 having exactly one vertex of type 2 (Theorem 3.5) and develop a polynomial-time recognition algorithm for graphs in this class (Theorem 3.7). Finally, building on these results, we give a polynomial-time recognition algorithm of almost well-covered {C 3 , C 4 , C 5 , C 7 }-free graphs (Theorem 3.10).
For some of our theorems and proofs, it will be convenient to allow working with the null graph, the graph without vertices; clearly, if G is the null graph, then i(G) = α(G) = 0. Given two vertex sets A and B in a graph G, we say that A dominates B if every vertex in B has a neighbor in A. A clique in a graph is a set of pairwise adjacent vertices, and a clique is said to be maximal if it is not contained in any larger clique. As usual, we denote by P n , C n , and K n the path, the cycle, and the complete graph of order n, respectively. For graph theoretic terms not defined here, we refer to [11] .
The rest of the paper is structured as follows. In Section 2, we develop some general results about the independence gap of a graph, several of which are used later on. Section 3 is split into three subsections, in which our main results are derived.
General results on independence gap
In this section, we introduce some terminology and notation that we use for the study of graphs with independence gap k and we develop some of their basic properties. We also emphasize the consequences of these results for almost well-covered graphs, for further use in Section 3.
The following lemma reduces the problem of determining the independence gap of a graph to its (connected) components.
Lemma 2.1. Let G be a graph with components
Proof. Immediate from the facts that
In particular, the study of almost well-covered graphs in any class of graphs that is closed under taking components and in which testing whether the graph is well-covered can be done efficiently, then the problem of characterizing almost well-covered graphs in the class reduces to the problem of characterizing almost well-covered connected graphs in the class.
Corollary 2.2.
A graph is almost well-covered if and only if all its components are well-covered, except one, which is almost well-covered.
Since every complete graph G has µ α (G) = 0, Lemma 2.1 also has the following consequence.
Corollary 2.3. Let G be a graph and let U be the set of vertices u ∈ V (G) such that the component of G containing u is complete. Then,
The following fact is often used in our proofs. Although it is implied by Lemma 2.1 in [6] , we give a short proof for the sake of completeness.
Lemma 2.4. For every independent set
Proof. Let k = µ α (G) and assume for a contradiction that G − N [I] has independence gap at least k + 1. Then it contains two maximal independent sets I 1 and I 2 of sizes differing by at least k + 1. Clearly, the two independent sets obtained by adding I to each one of I 1 and I 2 are maximal in G and have sizes differing by at least k + 1, contradicting with µ α (G) = k.
We now assign a non-negative integer, called the type of v, to some vertices v of G, see Fig. 1 for an illustration. Let U denote the set of all vertices u ∈ V (G) such that the component of G containing u is complete. Vertices of G − U are classified according to their type as follows. The vertex set of G − U is split into the leaves (vertices of degree 1) and non-leaves, which we call internal vertices. Internal vertices adjacent to exactly k leaves will be of type k. Note that a leaf in a component other than K 2 is not assigned any type and there are two kinds of type 0 vertices: vertices contained in a complete component and internal vertices adjacent to no leaf. Consequently, any vertex in U is of type 0. We further denote by G i the subgraph of G induced by all vertices of type i. For an internal vertex v ∈ V (G), a leaf of v is a leaf adjacent to v.
The next lemma shows that the number of leaves a vertex can have is bounded above by the independence gap plus one.
Lemma 2.5. Let G be a graph with µ α (G) ≤ k. Then every internal vertex of G is adjacent to at most k + 1 leaves. Proof. Assume for a contradiction that x is an internal vertex with p ≥ k + 2 leaves b 1 , . . . , b p . Then a maximal independent set I containing x and the maximal independent set I = (I − {x}) ∪ {b 1 , . . . , b p } have their sizes differing by at least k + 1, a contradiction with µ α (G) ≤ k.
The following immediate consequence will be useful in further sections. Corollary 2.6. In a graph G with µ α (G) ≤ 1, every internal vertex is adjacent to at most two leaves.
The following lemma is similar to [6, Lemma 2.10].
Lemma 2.7. Let G be an almost well-covered graph. Then G 2 is a complete graph.
Proof. Let G be an almost well-covered graph and x and y be two vertices of Type 2 which are non-adjacent. Let I be a maximal independent set of G containing both x and y. Then (I − {x, y} ∪ {b 1 , b 2 , b 3 , b 4 }) where b i , i = 1, . . . , 4 are the leaves of x and y, is another maximal independent set of G with two more vertices than I, contradicting with G having independence gap 1.
The following technical lemma will also be used later.
Lemma 2.8. Let G be a graph, H a non-null subgraph of G, and let n 0 denote the maximum number of vertices in a component of H. For every independent set I ⊆ V (G) \ V (H) and every
Proof. Let I be an independent set such that I ⊆ V (G) \ V (H) and let k be a non-negative integer such that k ≤ α(H) − i(H − N (I)). Denote the components of H with H 1 , . . . , H m . It is clear that every maximal independent set in H is a union of maximal independent sets in H j ; therefore, α(H) = m j=1 α(H j ) and i(H − N (I)) = m j=1 i(H j − N (I)). Clearly, there exists a set J ⊆ {1, . . . , m} with |J| ≤ k such that j∈J (α(H j ) − i(H j − N (I))) ≥ k. We may assume without loss of generality that J = {1, . . . , k}.
Then A is a covering family of A, that is, A is the union of the sets in A. Let A 1 ⊆ A be any inclusion-minimal subfamily covering A. By the minimality of A 1 , every set in A 1 covers at least one vertex of A that is not covered by other sets of A 1 and therefore |A 1 | ≤ |A|. Furthermore, by definition of A 1 , each set S ∈ A 1 can be identified by an element x ∈ I such that N (x) ∩ A = S. This defines a subset I 1 of I such that |I 1 | ≤ |A 1 | and N (I 1 ) ∩ V (H j ) = A j , for every j ∈ {1, . . . , k}. It is now clear that H j − N (I) = H j − N (I 1 ), for every j ∈ {1, . . . , k}. Hence
Since |I 1 | ≤ |A 1 | ≤ |A| ≤ kn 0 , this concludes the proof.
Let us now develop an important tool characterizing graphs with independence gap at most k among graphs with internal vertices of types 0 and 1 only. Note that if G is a graph with internal vertices of types 0 and 1 only and G 0 is the null graph, then G is well-covered.
Theorem 2.9. Let G be a graph with internal vertices of types 0 and 1 only such that G 0 is nonnull, and let n 0 denote the maximum size of a component of G 0 . Then µ α (G) ≤ k if and only if µ α (G 0 ) ≤ k and for every independent set I in G 1 of size at most (k + 1)n 0 , it holds that
Proof. Let U be the set of all vertices u ∈ V (G) such that the component of G containing u is complete.
(
, where L is the set of all leaves of G − U , thus an independent set. Now assume for a contradiction that there is an independent set I of G 1 of size at most (k + 1)n 0 such that α(G 0 ) − i(G 0 − N (I)) ≥ k + 1. Now let I 0 be a maximal independent set of G 0 − N (I) of size i(G 0 − N (I)) and I * 0 be a maximum independent set of G 0 . Consider now the two independent sets
. Maximality of both I 1 and I 2 in G follow from their definitions. We have
Since G has only vertices of type 0 and 1, we have that
, and L, where L is the set of leaves of G − U . It is clear that both I 1 and
, where the last inequality holds because I 0 2 is a maximal independent set of G 0 − N (I 1 2 ). By Lemma 2.8 with G − L, k + 1, G 0 , and I 1 2 in place of G, k, H, and I, respectively, it follows that there exists an independent set
The implication of Theorem 2.9 to graphs with independence gap 0 or at most 1 is worth mentioning separately: Corollary 2.10. Let G be a graph with internal vertices of types 0 and 1 only, and let n 0 denote the maximum size of a component of G 0 (with n 0 = 0 if G 0 is null). Then 1. G is well-covered if and only if G 0 is well-covered and for every independent set I in G 1 of size at most n 0 , we have i(G 0 − N (I)) = α(G 0 ).
2. µ α (G) ≤ 1 if and only if µ α (G 0 ) ≤ 1 and for every independent set I in G 1 of size at most
Another consequence of Theorem 2.9 is the following.
Corollary 2.11. Let G be a graph with internal vertices of types 0 and 1. If the size of every component of G 0 is bounded by a constant, then for every constant k ≥ 0, testing whether µ α (G) ≤ k can be done in polynomial time.
Proof. We assume that G 0 is non-null (since otherwise, as observed above, G is well-covered and hence µ α (G) ≤ k holds for all non-negative k). Suppose that every component of G 0 has at most c vertices and let H 1 , . . . , H m be the components of G 0 . Note that G 0 , G 1 , and the components of G 0 can be computed in linear time. By Theorem 2.9 it follows that µ α (G) ≤ k if and only if µ α (G 0 ) ≤ k and for every independent set I in G 1 of size at most (k+1)c, it holds that α(
Since the number of vertices of H j is bounded by a constant, the values of α(H j ) and i(H j ) can be computed in constant time. Furthermore, since α(
Similarly, since there are at most O(|V (G 1 )| (k+1)c ) independent sets of G 1 of size at most (k + 1)c, and for each such set I the values i(H j − N (I)) can be computed in constant time, the result follows.
Almost well-covered graphs without short cycles
In this section we develop our main results, which relate to almost well-covered graphs without short cycles. In our proofs we will make use of the following result, characterizing well-covered graphs of girth at least 6. Recall that a perfect matching in a graph is a set of pairwise disjoint edges such that every vertex of the graph is an endpoint of one of them, and that an edge is said to be pendant if it is incident with a vertex of degree 1.
Proposition 3.1 (Finbow et al. [5] ). Let G be a connected graph of girth at least 6 isomorphic to neither C 7 nor K 1 . Then G is well-covered if and only if its pendant edges form a perfect matching.
Recall also that due to Corollary 2.6, in the study of almost well-covered graphs we may assume that the graph under consideration has no type k vertices for any k ≥ 3. If G is an almost wellcovered graph of girth at least 6, then G is triangle-free and by Lemma 2.7, it follows that there are either 2, 1, or 0 vertices of type 2. The first two of these three cases are characterized in the next two subsections. Building on these characterizations, we consider in Section 3.3 the general case, but with the additional assumption that the 7-cycle is also forbidden.
Graphs of girth at least 6 with exactly two vertices of type 2
The following lemma shows that in an almost well-covered graph of girth at least 6 there are no edges between vertices of type 2 and type 0. Lemma 3.2. Let G be an almost well-covered graph of girth at least 6. Then no vertex in G 2 is adjacent to a vertex in G 0 .
Proof. Suppose that G is an almost well-covered graph and x ∈ V (G 2 ) with N (x) ∩ V (G 0 ) = ∅. Since x ∈ V (G 2 ), it follows that x is adjacent with two leaves, say x 1 and x 2 . Let y ∈ N (x)∩V (G 0 ). Let I be the set of vertices at distance 3 from x and at distance 2 from y. Then I is an independent set since G is of girth at least 6. Consider now the graph
in G and are contained in an induced 6-cycle containing x and y.
Proof. (⇒) Suppose first that G is an almost well-covered graph satisfying the hypotheses of the theorem. By Lemma 2.7, x and y are adjacent. From now on, we assume that V (G 0 ) = ∅, since otherwise condition 1. holds. Let x , x and y , y be the two leaves adjacent to x and y, respectively. Let A and B be the (disjoint) sets of the remaining neighbours of x and y, respectively. Then by Lemma 3.2, each v ∈ A ∪ B is of type 1. Let A and B be the sets of leaves adjacent to vertices from A and B, respectively. Let I = {x , x , y , y } ∪ A ∪ B . Observe that I is an independent set in G. Fig. 2(i) for an illustration.
Observe that by definition of G , for every vertex u ∈ V (G ) ∩ V (G 1 ), its unique leaf neighbor in G is a vertex of G . Moreover, the vertex set of G consists exactly of the vertices in V (G ) ∩ V (G 1 ), their leaves in G, and all the vertices in G 0 .
We claim that G is well-covered. Suppose that I 1 and I 2 are two maximal independent sets in G with |I 1 | > |I 2 |. Let I 1 = I 1 ∪A ∪B ∪{x , x , y , y } and I 2 = I 2 ∪A ∪B ∪{x, y , y }. It is clear that I 1 and I 2 are maximal independent sets in G and |I 1 |−|I 2 | ≥ 2. This contradicts the assumption that G is almost well-covered, and hence G is well-covered. Observe that α(G) = α(G ) + |A| + |B| + 4.
Since G is well-covered and girth of G is at least 6, by Proposition 3.1, every component of G is isomorphic to K 1 , C 7 , or to a graph with a perfect matching formed by pendant edges. Since the girth of G is at least 6, it is easy to see that no component of G is isomorphic to K 1 . We claim that there is no component of G isomorphic to C 7 . Suppose to the contrary that vertices v 1 , v 2 , v 3 , v 4 , v 5 , v 6 , v 7 form a 7-cycle C in G (in this order). Since G is connected, we may assume without loss of generality there exists a vertex a ∈ A such that a is adjacent to v 1 . Due to girth condition, a is not adjacent to any other vertex in 7-cycle C. Extend {v 3 , v 6 } to a maximal independent set J in G − N (a). Observe that |J | < α(G ) since J contains exactly two vertices from 7-cycle C, while any maximal independent set of G contains three vertices from C. Extend J ∪ {a, y} to a maximum independent set J in G. It is now easy to see that |J| < α(G ) + |A| + |B| + 3 = α(G) − 1. This contradicts the assumption that G is almost wellcovered and proves our claim that no component of G is isomorphic to C 7 . Since no component of G is isomorphic to a K 1 or a C 7 , we infer that G has a perfect matching M formed by pendant edges. Clearly, every edge connecting a vertex in V (G ) ∩ V (G 1 ) with its leaf neighbor is in M .
Next, we show that every component of G 0 is a component of G isomorphic to a K 2 . To show this, it suffices to show that every vertex of G 0 is a leaf in G . Suppose that this is not the case. Then, there exists an edge zz ∈ M such that z, z ∈ V (G 0 ), vertex z is a leaf in G , and there exists a vertex w = z in G such that z is adjacent to w. Note that w belongs to either V (G 0 ) or to V (G ) ∩ V (G 1 ). We may assume without loss of generality that there exists a vertex a ∈ A such that z is adjacent to a (see Fig. 2 (ii); the two possibilities for w are denoted by w 1 and w 2 ). The girth condition implies that w and a are not adjacent in G. Let I be a maximal independent set in G containing {a, w, y}. It is clear that |I ∩ V (G )| < α(G ) since neither z nor z is in I; therefore, |I| = |I ∩ V (G )| + |A| + |B| + 3 < α(G) − 1, contradicting the assumption that G is almost well-covered.
Let z and z be two adjacent vertices in G 0 . Since the component of G 0 containing z and z is a component of G isomorphic to K 2 and z and z are internal vertices of G, each of them has a neighbor in A ∪ B. As above, we may assume without loss of generality that there exists a vertex a ∈ A such that z is adjacent to a. Moreover, there exists a neighbour b of z within A ∪ B. The girth condition implies that b ∈ B. Since the girth of G is at least 6, it follows that z and z have no other neighbours in A ∪ B, hence they are of degree 2 in G, and they lie on an induced 6-cycle containing x and y. See Fig. 2(iii) for an illustration.
To complete the proof of the forward direction of the implication, it remains to show that V (G 0 ) = {z, z }. Suppose that this is not the case and consider a pair w, w of adjacent vertices in G 0 − {z, z }. Since the component of G 0 containing w and w is a component of G isomorphic to K 2 and w and w are internal vertices of G, each of them has a neighbor in A ∪ B. Consequently, A ∪ B is an independent set in G that dominates {z, z , w, w }. If I is a maximal independent set in G containing A ∪ B, then |I ∩ V (G )| ≤ α(G ) − 2 since I ∩ V (G ) contains neither of z, z , w, w while any maximum independent set in G has to contain one of z, z and one of w, w . Recall that α(G) = α(G ) + |A| + |B| + 4. Therefore, |I| < α(G) − 1, which contradicts the assumption that G is almost well-covered.
(⇐) Let G be a connected graph of girth at least 6 with exactly two vertices x, y of type 2 which are adjacent, and with no type k vertices for k ≥ 3. Let x , x and y , y be the two leaves adjacent to x and y, respectively. Suppose first that V (G 0 ) = ∅. Let I be a maximal independent set in G. If I ∩ {x, y} = ∅, then it is easy to see that |I| = |V (G 1 )| + 4, and if I ∩ {x, y} = ∅, then |I| = |V (G 1 )| + 3. Hence µ α (G) ≤ 1, and by Lemma 2.5 the existence of type 2 vertices implies that G is not well-covered. Hence G is almost well-covered.
Suppose now that condition 2. from the theorem holds, and let u and v be the two vertices of G 0 . Since neither of x and y has a neighbor in G 0 by Lemma 3.2 and u and v are of degree 2 in G, we may assume without loss of generality that the induced 6-cycle containing u, v, x, and y must be of the form x, a, u, v, b, y for some a ∈ N (x) ∩ V (G 1 ) and b ∈ N (y) ∩ V (G 1 ), see Fig. 3 for an illustration. Let I be a maximal independent set in G, I = I ∩ {x, x , x , y, y , y } and I = I \ I . Note that the two conditions from Theorem 3.3 can be efficiently tested. Therefore, using Corollary 2.2 and Proposition 3.1, we obtain the following algorithmic consequence.
Corollary 3.4. Given a graph G of girth at least 6 and with exactly two type 2 vertices, it can be decided in polynomial time whether G is almost well-covered.
Graphs of girth at least 6 with exactly one vertex of type 2
We now study almost well-covered graphs of girth at least with and exactly one type 2 vertex. A characterization of such graphs is given by the following theorem.
Theorem 3.5. Let G be a graph of girth at least 6, with exactly one type 2 vertex x, and with no type k vertices for k ≥ 3. Then G is almost well-covered if and only if every internal vertex of G other than x is of type 0 or 1, N (x) ∩ V (G 0 ) = ∅, G 0 is well-covered, and for every independent set I in G 1 the following holds:
Proof. Let G be a graph satisfying the hypotheses of the theorem.
(⇒) Let G be almost well-covered and let x and x denote the two leaves adjacent to x. By Lemma 3.2 it follows that N (x) ∩ V (G 0 ) = ∅. It is also clear that every internal vertex different from x is of type 1 or type 0. Observe that α(G) = α(G 0 ) + |V (G 1 )| + 2. We first claim that G 0 is well-covered. Suppose that there exist two maximal independent sets I 1 and I 2 of G 0 with |I 1 | > |I 2 |. By extending I 1 ∪ {x , x } and I 2 ∪ {x} to maximal independent sets in G, we obtain two maximal independent sets in G with sizes that differ by at least two, contradicting the assumption that G is almost well-covered. Hence, G 0 is well-covered.
Let I be an independent set in N (I) ). Extending S ∪ I ∪ {x} to a maximal independent set in G results in a maximal independent set of G of size less than α(G 0 ) + |V (G 1 )| + 1 = α(G) − 1, contradicting the assumption that G is almost well-covered. Hence, condition (a) holds.
Suppose now that I ∩ N (x) = ∅. Let S be a maximal independent set in G 0 − N (I) of minimum size, i.e., of size i(G 0 − N (I)). Then every maximal independent set of G containing S ∪ I is of size |S| + |V (G 1 )| + 2. Since G is almost well-covered, it follows that
(⇐) Suppose that every internal vertex of G other than x is of type 0 or 1, N (x) ∩ V (G 0 ) = ∅, G 0 is well-covered, and for every independent set I in G 1 conditions (a) and (b) hold. Since G has a vertex of type 2, Lemma 2.5 implies that G cannot be well-covered. Therefore, to show that G is almost well-covered, it suffices to show that every maximal independent set in G is of size at least α(G) − 1. Let S be a maximal independent set in G.
It is clear that I 0 is a maximal independent set in
. By the hypothesis (a), it follows that α(G 0 ) = i(G 0 − N (I 1 )) ; therefore,
Suppose now that x ∈ S. If N (x) ∩ I 1 = ∅, then arguing similarly as above, we obtain that |S| = α(G). Finally, let N (x) ∩ I 1 = ∅. Then by hypothesis (b) it follows that |I 0 | ≥ α(G 0 ) − 1, and hence |S| ≥ α(G) − 1. This shows that G is almost well-covered.
In the following lemma, we continue with the study of almost well-covered graphs of girth at least 6 with exactly one type 2 vertex in order to exhibit their structure in more details and derive an efficient recognition algorithm for this case.
Lemma 3.6. If G is an almost well-covered graph of girth at least 6 with exactly one type 2 vertex, then every component of G 0 is isomorphic to K 1 , K 2 , P 4 , or C 7 .
Proof. Let G be an almost well-covered graph of girth at least 6 with exactly one type 2 vertex x. Let x and x denote the two leaves adjacent to x. By Theorem 3.5 it follows that G 0 is wellcovered, and hence by Proposition 3.1, it follows that every component of G 0 is isomorphic to K 1 , C 7 , or a graph with pendant edges forming a perfect matching.
Suppose now that H is a component of G 0 that is isomorphic to neither of K 1 , K 2 , P 4 , or C 7 . Then there exists a perfect matching in H formed by pendant edges. Suppose that h 1 h 1 , . . . , h m h m are pendant edges forming a perfect matching in H, where h i are leaves in H. Observe that m ≥ 3 and α(H) = m. Since H is connected, we may assume without loss of generality that h 2 is adjacent to h 1 and h 3 . Since h 1 , h 2 , h 3 ∈ V (G 0 ), it follows that there exist a 1 , a 2 , a 3 ∈ V (G 1 ) (where a 1 = a 3 is possible) such that h i a i ∈ E(G). Suppose that a 1 ∈ N (x) and let I = {a 1 }. Since girth of G is at least 6, it follows that a 1 is not adjacent to h 2 . It is now clear that every maximal independent set of H − N (I) containing h 2 is of size at most m − 1 < α(H). Therefore, i(H − N (I)) < α(H) and consequently i(G 0 − N (I)) < α(G 0 ), which violates condition (a) from Theorem 3.5. We conclude that a 1 ∈ N (x). Similarly a 3 ∈ N (x). Using the fact that girth of G is at least 6, it follows that a 1 is not adjacent to h 3 and a 3 is not adjacent to h 1 . Now let I = {a 1 , a 3 } be an independent set in G 1 . Observe that h 2 ∈ H − N (I). If S is a maximal independent set in H − N (I) containing h 2 , then it is clear that S ∩ {h 1 , h 1 , h 3 , h 3 } = ∅. This implies that i(H − N (I)) ≤ α(H) − 2, and consequently i(G 0 − N (I)) ≤ α(G 0 ) − 2, which violates condition (b) from Theorem 3.5.
Lemma 2.8, Theorem 3.5 and Lemma 3.6 imply the following. Theorem 3.7. Given a graph G of girth at least 6 with exactly one type 2 vertex, it can be decided in polynomial time whether G is almost well-covered.
Proof. Let G be a graph of girth at least 6 with exactly one type 2 vertex. If G 0 is the null graph then conditions (a) and (b) from Theorem 3.5 are trivially satisfied, hence G is almost well-covered. If N (x) ∩ V (G 0 ) = ∅ then by Theorem 3.5 it follows that G is not almost well-covered, hence we may assume that N (x) ∩ V (G 0 ) = ∅. If there is a component in G 0 not isomorphic to K 1 , K 2 , P 4 , or C 7 , then by Lemma 3.6 it follows that G is not almost well-covered. Suppose now that every component of G 0 is one of K 1 , K 2 , P 4 , and C 7 . Let n 0 be the maximum number of vertices in a component of G 0 . Then n 0 ≤ 7.
For every independent set I 1 in G 1 of size at most 14 we compute the value of α(G 0 ) − i(G 0 − N (I 1 )). If for some such I 1 we have α(G 0 ) − i(G 0 − N (I 1 )) ≥ 2, then by Theorem 3.5 it follows that G is not almost well-covered. Next we compute the value of α(G 0 ) − i(G 0 − N (I 2 )) for every independent set I 2 in G 1 −N (x) with |I 2 | ≤ 7. If for some such I 2 we have α(G 0 )−i(G 0 −N (I 2 )) ≥ 1, then G is not almost well-covered by Theorem 3.5.
Suppose now that for every independent set I 1 in G 1 of size at most 14 we have α(G 0 ) − i(G 0 − N (I 1 )) ≤ 1 and for every independent set I 2 in G 1 − N (x) of size at most 7 we have α(G 0 ) = i(G 0 − N (I 2 )). We claim that G is almost well-covered. Suppose to the contrary that G is not almost well-covered. Then it follows that at least one of the conditions (a) or (b) from Theorem 3.5 is not satisfied. Suppose first that there exists an independent set I in G 1 that doesn't satisfy condition (b) of Theorem 3.5, that is I ∩ N (X) = ∅ and α(G 0 ) − i(G 0 − N (I)) ≥ 2. Applying Lemma 2.8 with H = G 0 and k = 2, it follows that there exists an independent set I 1 ⊆ I such that |I 1 | ≤ 14 and α(G 0 ) − i(G 0 − N (I 1 )) ≥ 2, a contradiction. Suppose now that there exists an independent set I in G 1 which doesn't satisfy condition (a) of Theorem 3.5, that is, I ∩ N (x) = ∅ and α(G 0 ) − i(G 0 − N (I)) ≥ 1. Applying Lemma 2.8 with H = G 0 and k = 1, it follows that there exists an independent set I 2 ⊆ I of size at most 7 such that α(G 0 ) − i(G 0 − N (I 2 )) ≥ 1. Observe that since I 2 ⊆ I and I ∩ N (x) = ∅ it follows that I 2 ∩ N (x) = ∅. Hence I 2 is an independent set in G 1 − N (x) of size at most 7 such that α(G 0 ) − i(G 0 − N (I 2 )) ≥ 1, contradicting the assumption at the beginning of the paragraph. This proves our claim that G is well-covered.
Since we only need to check independent sets of G 1 of bounded size, the algorithm can be implemented to run in polynomial time.
3.3 Almost well-covered {C 3 , C 4 , C 5 , C 7 }-free graphs Based on results in the previous subsections, we now develop a polynomial-time recognition algorithm for almost well-covered {C 3 , C 4 , C 5 , C 7 }-free graphs. The following lemma will be crucial.
Proof. Assume for a contradiction that there is a vertex x ∈ V (G 0 ) such that d G 0 (x) = k ≥ 3. Let x 1 , . . . , x k be the neighbors of x in G 0 . Let I be the set of vertices of G at distance 3 from x. Since there are no cycles of length 3, 5, or 7 in G, it follows that I is an independent set. Consider now the graph G = G − N [I]. Since each of x i is of type 0 and G is {C 3 , C 4 , C 5 }-free, it follows that N [I] contains all neighbors of the x i s except x, and consequently each of x i , i = 1, . . . , k is a leaf in G (note also that x i s are not adjacent to each other since otherwise we would have a triangle). Then x has at least k ≥ 3 leaves in G , hence by Corollary 2.6, G has independence gap at least 2, which contradicts Lemma 2.4. Corollary 3.9. Let G be an almost well-covered {C 3 , C 4 , C 5 , C 7 }-free graph and with no vertex of type 2. Then every component of G 0 is isomorphic to one of P 1 , P 2 , P 3 , P 4 , P 5 , P 6 , P 7 , P 8 , P 10 , C 6 , C 8 , C 9 , C 10 , C 11 , C 13 .
Proof. Lemma 3.8 implies that every component of G 0 is a cycle or a path. By Corollary 2.10 it follows that µ α (G 0 ) ≤ 1. Hence, every component of G 0 is a cycle or a path which is well-covered or almost well-covered. It can easily be seen that there is no allowed well-covered cycle, and the only well-covered paths are P 1 , P 2 , and P 4 . The only almost well-covered cycles are C 6 , C 8 , C 9 , C 10 , C 11 , C 13 and the only almost well-covered paths are P 3 , P 5 , P 6 , P 7 , P 8 , P 10 . The claimed result follows. Theorem 3.10. Given a {C 3 , C 4 , C 5 , C 7 }-free graph, it can be decided in polynomial time whether G is almost well-covered.
Proof. Let G be a {C 3 , C 4 , C 5 , C 7 }-free graph. Using Corollary 2.2 and Proposition 3.1, we may assume that G is connected and not well-covered. If there is an internal vertex of G that is not of type 0, 1, or 2, then G is not almost well-covered by Corollary 2.6. If V (G 2 ) is not a clique, then by Lemma 2.7, G is not almost well-covered. From now on assume that V (G 2 ) is a clique. Since G is C 3 -free, there are at most two vertices of type 2. If there are exactly two type 2 vertices, the result follows by Corollary 3.4. If there is exactly one type 2 vertex, the result follows by Theorem 3.7. Suppose now that no vertex of G is of type 2. Since G is not well-covered, we have that V (G 0 ) = ∅ by Proposition 3.1. If G 0 has a component having at least 14 vertices, then, using Corollary 3.9, we infer that G is not almost well-covered. Suppose now that the maximum number of vertices in a component of G 0 is at most 13. Since G is not well-covered, the condition that G is almost well-covered is equivalent to the condition µ α (G) ≤ 1. By Corollary 2.11, since the order of every component of G 0 is bounded by a constant, this latter condition can be checked in polynomial time. This completes the proof.
Our work leaves open characterizations and/or polynomial-time recognition algorithms for almost well-covered graphs of girth at least k for k ∈ {4, 5, 6, 7}. In particular, since well-covered graphs of girth at least 6 are characterized (cf. Proposition 3.1) and by Corollary 3.4 and Theorem 3.7 there exists a polynomial-time recognition algorithm for almost well-covered graphs of girth at least 6 with at least one type 2 vertex, we find the following problem particularly interesting. Question 1. Is there a polynomial-time recognition algorithm for almost well-covered graphs of girth at least 6?
